Using the traditional and degenerative discrete-diffractive versions of Bethe Ansatz we construct a rude set of three-magnon states in the infinite XX spin chain with Izing next neighboring ferromagnetic term.
Introduction
For a long time it was a common opinion that the Bethe ansatz works only for integrable models [1, 2, 3, 4] . However as it was recently shown [5] the modified version of the Bethe ansatz, which will be called the degenerative discrete-diffractive (DDD) Bethe ansatz may be applied for solution of the three-magnon problem in a non-integrable spin model defined on the infinite 1D lattice if the corresponding two-magnon scattering matrix satisfies the factorization condition [6, 7] . An example of such class of models is the S = 1 isotropic Here S n is the standard triple of spin-1/2 operators related to the n-th site. For appropriate values of the coupling parameters (for example for rather big γh ≥ 0) this system has the ferromagnetic zero-energy ground state
where | ↑ n and | ↓ n is the standard doublet of spin-1/2 states. Hamiltonian (1) is the simplest nontrivial example in the large list of models with nearest neighbor and over nearest neighbor interactions for which the two-magnon spectrum may be evaluated [8] .
The corresponding one-magnon states are the flat waves
related to the energy
The two-magnon problem may be well studied in the standard manner. The corresponding results will be presented in the next section. The three-magnon problem is more complicated because the system (1) is non-integrable. It will be considered in Sect. 3.
Two-magnon states
For a two-magnon state |2 =
where ε ab is the Levi-Civita tensor and
Really substitution (8) solves automatically Eq. (6) and reduces Eqs. (7) to the system 2 a,b=1
which may be readily solved by the substitution (9) . As in the case of the S = 1 ferromagnetic chain [5] the two-magnon S-matrix (which
) is 1 × 1-dimensional and hence automatically satisfies the factorization condition [6, 7] (the Yang-Baxter equation).
3 The Three-magnon problem
The standard Bethe Ansatz approach
For the wave function of a three-magnon state
the corresponding Schrödinger equation splits on two groups of equations. The former one
+a m,n−1,n+1 + a m,n,n+2 = Ea m,n,n+1 , n − m > 2,
is related to free motion and binary collisions while the latter one (2J z + 3γh)a n−1,n,n+2 − J 2 a n−2,n,n+2 + a n−1,n+1,n+2 + a n−1,n,n+1
+a n−1,n,n+3 = Ea n−1,n,n+2 , (2J z + 3γh)a n−2,n,n+1 − J 2 a n−3,n,n+1 + a n−1,n,n+1 + a n−2,n−1,n+1 +a n−2,n,n+2 = Ea n−2,n,n+1 , (2J z + 3γh)a n−1,n,n+1 − J 2 a n−2,n,n+1 + a n−1,n,n+2 = Ea n−1,n,n+1 ,
corresponds to three-magnon collisions. A substitution
with some indefinite functions C abc (k 1 , k 2 , k 3 ) solves the system (13) (after reduction it to Eqs. (10), (11)), giving the usual expression for the energy
At the same time Eqs. (14) turn into
where
With the use of Eq. (11) we may rewrite Eqs. (18) and (19) in slightly more compact forms
As it will be seen now it is better to use except (20) and (21) their linear combinations
A direct calculation with the use of computer algebra system MAPLE gives
Here c = cos
ε abc e i(kc−ka) = 8i sin
and
for some j and l or if
Taking in the case (34) j = 1, l = 2 one readily gets c = cos
Now a substitution of (36) reduces (32) to
Hence up to permutations of wave numbers the system (34) has the solution
In the case (35) we also may exclude all the parameters except for the wave numbers.
In fact a substitution of (35) into expressions (28) for Φ (−)
j (E, k) and then into (32) results in
Using the computer algebra system MAPLE this equation may be readily reduced to the form
which is solvable either at
or at
We see that the usual Bethe ansatz is relevant to a very limited class of states.
M = 2 DDD Bethe Ansatz
If we take the wave function in the M = 2 DDD Bethe ansatz form [5] 
where D andD are come coefficients
and both the functions a n 1 ,n 2 ,n 3 (k 1 , k 2 , k 3 ) and a n 1 ,n 2 ,n 3 (k 1 ,k 2 ,k 3 ) are given by (15) and (9), then the system (30) reduces to the form
which is solvable only under the condition
Since we have assumed thats = s Eq. (46) 
M = 3 DDD Bethe Ansatz
Taking the wave function in the form a n 1 ,n 2 ,n 3 (k
2 , k
3 , k
1 , k
3 )ϕ(k
3 ) ·a n 1 ,n 2 ,n 3 (k
3 )a n 1 ,n 2 ,n 3 (k
where all a n 1 ,n 2 ,n 3 (k
3 ) are given by Eqs. (15) and (9) and implying conditions analogous to (44) we reduce the system (30) to a solvable system of two equations on three variables
When its rank is maximal and equal to two (otherwise we may apply M = 2 DDD or usual Bethe ansatzes) the solution up to a constant factor has the form
Summary and discussions
In the present paper using the standard [1, 2, 3, 4] and the degenerative discrete-diffractive (DDD) [5] versions of Bethe ansatz we studied the three magnon problem for the Hamiltonian (1). We have shown that the very small class of states limited by the conditions (31) and (32) have the usual Bethe form (15). Such "partial integrability" is inherent in some other models [9, 10] . The more bigger class of states limited by the single condition (31) may be described with the use of M = 2 DDD Bethe ansatz (43). Finitely the general case is relevant to the M = 3 DDD Bethe ansatz (47).
As it was in the case of S = 1 ferromagnetic chain [5] the space of states obtained with the use of the DDD Bethe ansatz is rude. The latter obstacle however is not fatal if using this system of states we can obtain for the three-magnon sector the "resolution of unity" [11] |µ |µ µ| = P 3 ,Ĥ|µ = E µ |µ ,
where P 3 is the projection operator on the three-magnon sector. Utilizing this formula one may study a lot of physical applications [12] . Evaluation of such resolution for P 3 is however an open problem as well as some other ones (four-magnon spectrum and threemagnon scattering) discussed previously [5] .
